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XLII. A Method of extending Cardan’s Rule for refolving
one Cafe of a Cubick Equation of this Form, x*% —qx
=7, to the other Cafe of the fame Equation, which it
is not naturally fitted to folve, and which is therefore of-
zen called the irreducible Cafe. By Francis Maferes,
Efq. F. R. 8. Curfitor Baron of the Lxchequer.

Read July g, 1438,

ARTICLE I.

T is well known to all perfons converfant with alge-
bra, that carRDAN’s rule for refolving the cubick e-

quation x3—gx=r is only fitted to refolve it when = 7 is e~

qual to, or greater than, g7, or when 7 is equal to, or

greater than, ;’V“/;”, and that it is of no ufe in the refolu-~

tion of the other cafe of this equation, in which 7 is of

any magnitude lefs than 7;3”. For in this caft ;—' -7 be-
27

comes (according to the ufual language of algebraifts) a

negative quantity, and confequently its fquare-root be~
1 comes
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Extenfion of Cardan’s Rule, &c. 903
comes impoflible, and the expreflion givenby cARDAN’s

rule for the value of ¥ (which is either \/ "C.;. \/K_’ -7
2z 27

t L or \/3F+\/§r—r—'”~3—+\/3 f;\/ T_1)
3lr P 2 4 27 2 4 297
W EHNIE 5

involves in it the impoffible quantity \/;r"f - -%, and there-

fore is unintelligible and ufelefs: or, according to what
appears to me a more corre¢t way of {peaking (who ne-
ver could form any idea of a negative quantity, and ne-
ver underftand by the fign — any thing more than the
fubtraction of a leffer quantity from a greater), the quan-
tity :—’- - Z—; becomes itfelf impoffible, or the fuppofition
that %’ is greater than ?}’ (which is one of the founda-~
tions of cARDAN’s rule), is no longer true, and confe-
quently the rule itfelf, which is built upon it, can no

longer take place.
2. Neverthelefs it is poffible, by the help of Sir 1saac

NEWTON’s binomial theorem, to extend this rule to this
o . . 4 3 . L

latter cafe, in which %’ is lefs than i-;, and which it is not

of itfelf fitted to refolve; or, to fpeak with more accu-

racy, it is poffible to derive from the expreffion of the
value of x given by carRpAN’s rule for the refolution of

the equation ¥°— g% =7 in the firft cafe, in which T is
greater
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greater than %, another expreflion fomewhat different
from the former, that fhall exhibit the true value of x
in the fecond cafe, in which ii is lefs than ?7, provided it
be not lefs than -2-%;, or ';'—: : and this without any men-
tion of either impoflible, or negative, quantities. To
fhew how this may be effected, is the defign of the fol-
lowing pages.

3. That the whole of this matter may be feen at one
view, it will be convenient to fet forth the foundation
and inveﬁigatioh of carpaN’s rule for refolving the e-
quation x3—gx=r, when Z—r is greater than %; which may

be done as follows.

The Invefligation of Cardan’s Rule for refolving the Cubick

Equation x3% —qx=r, when :—”z'.f greater than L.
27

4. Previoufly to the inveftigation of this rule, it will
be proper to make the following obfervations.

Oss, 1. In the equation .5c3—qx=r (which is a propo-
fition affirming that x* is greater than gx, and that the
excefs is equal to 7) xx muft always be greater than g,
and x than v/,

Oss,
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Oss. 2. While x increafes from V¢ ad infnitum, «3
will increafe continually from gv/q ad infinitum, and gx
will increafe continually from the fame quantity ¢v/q ad
infinitum.
Oss. 3. Alfo, while & increafes from /g ad infinitum,
the excefs of x° above gx will increafe continually from
nothing ad infinitum, without ever decreafing.  For, if
we put & to denote the increment which & receives in
any given time, either fmall or great, gx will be the in-
crement which ¢x will receive in the fame time, and
3x°% + 3xx8°+x* will be the increment of x?in the fame
time. Now, fince xx is always greater than g during
the whole increafe of x from being equal to Vq ad infi-
nitum, xxx2% will be greater than ¢x during that whole
increafe. Therefore, @ fortiori, 3x°%+ 3xx*+x* (which
is more than triple of xxxx) will be greater than ¢x ;
thatis, the increment of x* will be greater than thecon-
temporary increment of gx during all the increafe of x.
Confequently the excefs of x* above ¢x, or the com-
pound quantity x3—gx, will continually increafe, with.
out ever decreafing, while & increafes from v/q to any
greater magnitude. '
OBs. 4. Since the compound quantity 43¢« increafes
continually at the fame time as & increafes; and, when
Vor. LXVIIL 5 U ¥ is
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' 87vg _ 2q¥g _ 84vyg 674/7
x is equal to x3—qgx is ——
1 ’ 7 ( W3 3 3N3 337

2V !, the com-~
V3

;{/"3’, it follows that, i
pound quantity x3—qgx will be greater than 9{32” and, if

v is lefs than 2 V*/q the faid compound' quantity will be

Iefs than -? ‘/’ ; and, ecanverfo, if the compound quan-
tity x°— qx, or, its equal, the abfolute term 7, is greater
than ’” ‘//; /, the value of x will be greater than J”, and,
if ¥¥—gx, or 7, islefs than ;—”‘7‘%’, the value-of x will be
lefs than VV?’ or, if 1’ i3 greater than g, x will be great~
er than V‘:”, and, 1f is lefs than %, x will be lefs than

Oss. 5. When 7 is greater than J—‘f’!’, or " is greater
than Z -2—;,,, and confequently (by the laft obfervatxon) x is
greater than %’«37, xx will be greater than ‘;—", and ’% will
be greater than —il. But a’-" is the fquare of =. There-
fore when 7 is greater than %—/‘%’,, or :—r is greater than 2—37 >
the fquare of half x will be greater than % But (by

eucLiD’s Elements, Book IL. Prop. V.) itis always pof-
fible to divide a line, as &, into-two unequal parts in fuch
' a pros
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a proportion that the retangle under its parts {hall be e~

qual to any quantity that is lefs than the {quare of- its

half. Therefore, when 7 is greater than 3“/4", or:—"is

greater than £ ;;, it is poflible to divide the line, or root, &
into two unequal parts of fuch magnitudes that their
retangle, or produét, thall be equal to —21 This obfer-

vation is the foundation of cArRDAN’s rule for the refolu-
tion of the equation x*~gx=r in the firft cafe of thate-

. ° .S " Zq Vq rr o
quation, or when 7 is greater than 7, OF 7 Is greater

a3 . . . . .
than -”z—;; the inveftigation of which is as follows.

PROBLEM

5. T0 refolve the Equation x*% —qx=r, when r is greater

20 Vg Lrr . ) g
than == 7 B greater than s

SOLUTION.

/.
Since 7 is {fuppofed to be greater than ”;3’, and con-

fequently (by Obf. 5.) = : is greater than £ T it is poflible

for x to be divided into two unequal parts of fuch mag-

nitudes that their retangle, or product, fhall be equal

to L. Let it be conceived to be {fo divided; and let the
3

5U0 2 greater
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greater. of the two parts be called 4, and the leffer 2.
Then will 24 be = -Z—, and confequently 3@ will be = ¢,
and 3abx [a+4 will be = gx a+6.

Now, fince @+#& is equal to k, we fhall have @*+ 3aas
+ 3abb + & = x3, and gx a+b= qx. ‘Therefore x3 - qux

will be =& + 3aab+ 3800 +6° — qx a+b =@+ 3abx a+b+

b—gx a+b; that s (becaufe 344 x a+bis=gx a+b) x—
gx will be =a*+ 4*. Therefore r (which is =% - gx)
will be =a?+03,

But, fince 344 is =¢, we fhall have b:f;, and &’ =

3 . 3 . .
L. Therefore a*+4° is = @*+-L, and 7 (which is=a*+
i/

27a%°
b)is=a’+ ;?7—3; Thercfore 7a? is = a%%, and ra*—a° is
-

27

But 74®—a® is the produét of the multiplication of
r—a® into @*, which are together equal to 7. Therefore

(by EL I1. 5.) 7a3~a° muft be lefs than the {quare of half

7, thatis, than ;1, and confequently may be fubtradted
from it. Letit, and its equal Z—;, be fo fubtracted. And

3
we fhall have %’-m’ +a6=:1 - Z—7 Therefore the {quare-

root of E,:— ra’ + a* will be equal to\/ ; - % But the

{quare-root of if- r@* + a® is the difference of f and &%,
that
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that is, either Z—a° or #’>~—, according as = or 4* is the

greater quantity. But it has appeared above that 3 and
& together are equal to 7; and 4 is fuppofed to be greater
than 4, and confequently 43 is greater than 4. There-

fore @* muft be greater, and ° lefs, than % Therefore
@~ is the difference of 4* and =, and confequently is
the fquare-root of the quantity f—f—m’ +a®.  Therefore
B-Lis= \/"_ - ?,f, and 4% is=< +,/Z—Z%, Confe-
2 4 29 2 4 27
’ ] y 3
quently @ is =\/3 |% + \”E - Z—7 Butéhas been thewn to
be:j;. Thereforedis= z =3 and confequent-
‘ 3\ T
3\/ T \/'; 27
ly a+5, or x, isz\/3 -’-+\/ Ty A
SR o =
WITH*NE %
Q.E. I
6. This expreffion may be rendered more fimple by

fubftituting the fingle letter s in it inftead of \/ l:f - %

For theg it will be \/3@:+ ?:JS—”E_:—_:

Synthetick Demonfiration of the Truth of the foregoing
Solution.

7. ‘That this expreflion is equal to x in the equation
I X3 -
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x3—qx =r will appear by fubftituting it inftead of x in
the compound quantity x*—gx, which will thercby be
feen to be equal to 7, as it ought to be.

This may be done in the manner following.

Smcexls..\/ . 3\/(::. m+3qu
we fhall havex3=-z—+;+3xm?x 3’x @_m;g x mr

3
T = -—+s+q>< f—+s}x+-~” —t
3xL+JF

X 7. + e
gxfr—r—-a-—;}% 27x‘r+5
2 P2

. 3
—21—; and gx = q><g—2—+.r§§+ 23 and confe-

2yn
—+27s C3x|= 4yt
3 ]
3. __ =1 N S
quently ¥*—gx=—+ 5+ z+:+27f+s, —+5+

rags

L P &

— J‘ .
artsy 2 277+ 548
2

e g . ayrr—4gd 2y —4g° o
Now s5, or - — 5, is Tt = s or if we put

7 mm

;;, —-m, and

mm=27rr—4q% we fhall have s5, or %’ -
29 2 24*
§= 6V Therefore 277+ 54 z7r+54.><m 6x27xV3xr+54nz
63 643
124/3% 4% _ 24/3X4¢ $? e _m
ST TS ko Therefore s + prm +54;’S—67§
2V3%g 2V 3Xrmtomm 3655 33 X rm A mm 4 44
29/ 3Xr+gm T 6X27X3r+6XgX M3 xm §4r46 43 xm
sV3xrmtayr—4 +4g® _ 33 Xrmt2grr _ W 3xrmtgrr, d-r
54r+ 63X m T 54r+643xm T 18r4 24/ 3Km? an e

+

J+
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. r . M3Xrmtogrr 18rr+21\/3)<rm+24/3xrm+18rr
.t+——--—~ls =+ =
2774 545 2 18r+2V3Xm 367+ 4v'3 Xm

%—:—}-—%—f—;’f— r. But we have before thewn that x*—gw

is == +J+27' f pres Therefore x*—gxis=7,and confequent-

1y \/ i +5+— 2 isthe true value of x in the cu-
3|
NN

bick equation x3-qx:r. Q.E. D.
Two other Exprefions for the Root of the foregomg E-
quation. '

8. Two other expreflions may be found for the root
of this equation by refuming the inveftigation con--
tained in Art. 5. ‘The firft of thefe expreflions is

F— _
N
before, ::-’4-’ ~LZ) .\/ —=3 —2% . The other ex~

N
i s o T, o Yoo

\/ ? };-— ., 'Thefe expreflions are to be found in the fol-

lowing manner..

—2_ ., or (if we putys, as

Inveftigation of the faid Expreffions.

9. In Art. 5. we fuppofed the line ¥ to be divided in=
to
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to two unequal parts # and 4, of which @ was fuppofcd
to be the greater; and we firft found the value of the
greater part @, and then determined that of the lefler
part & from its relation to @, which is exprefled by the
equation 326=¢. Butwe may with the fame eafe firft
determine the value of the leffer part 4, and then derive
from it that of the greater part 3 which would produce
the firft of the two expreflions of the value of & men-
tioned in the laft article.  This may be done as follows.
Since it has been thewn in Art. 5. that » is = a3+43,

¢
35’ and a4’ to i

and 3ab is = ¢, and confequently ais =
it follows that » will be :ﬁé—ﬁb’. Therefore 74 is :55 +1;6,
and ({ubtra&ting #° from both fides) 743—&° is:i’—i7 . There-
fore (fubtracting both fides from f{, than which they are
evidently lefs), we fhall have :{—rb3+&"='f = ‘:—37 . There-

fore the {quare-root of 1—”——7/&3 +4° will be = \/1 - ;7

But the {quare-root of %— r&3+4° is the difference of the
quantities % and 2° that is (hecaufe &* is the lefler part
of a*+43% or r, and confequently is lefs than the half of
it, or =), it is =~ 4% Thelefore ——Pis= \/ o,
Therefore (adding &* to both ﬁdes) — will be = &3 +
v
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\/ }g - %, and (fubtracting \/ I%’ - ?7 from both fides) &
will be =L—\/if—£. Therefore 4 is =\/’l - i’ - i,
z7
and 2 _—) is = \/ [____‘, and confequently b+a,
3y r rr
= 3, [N
or ga+b, or x, is \/ |4 - r_\m,

(1fweputsr—-———-) "I Q.E. L
4 \/r—_—] \j(ﬁ

Synthetick demonfiration of the truth of the foregoing ex-
preffion.

10. Here again we may demonftrate fynthetically,
that this expreffion is equal to the true value of x in the
oropofed equation &* — g« =7, by fubftituting it for x in
the left-hand fide of that equation. For, if we make
that fubftitution, we fhall find that the value of ¥ —gx
thence arifing will be equal to . This may be done in
the manner following ‘

Voir. LXVIIL 5 X q9

or
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“___ : = —-.f+q><'—--.r'?+ L AS—

S +-——-g-,__~..__.—~

gx[i—.rk 27x{—~—-.r 3xf:qr
f_“’ and gx = qxrjs+ x/’-;’; and confe-

27 % !-;"-—
3 3

quently x3—gx="—s+—Tome = %——J+;—;—;—fl——-—-— =l_
r 2

27 ] et ——275
7 r 2¢? T se 27 =4yt
$—— = ——ft-——u, Now s, or - — L is=t—H =
27T 548 2 27r— 545 4. 27 108
2 2

— 43 .
’-————-—;Zx 3‘” . Therefore if we put mm=247rr—44% we fhall
243

mne ” .
have s5= X and s = gv;: Therefore ey I8 =
2 290 ___1zMaxgt  awpxgd

2 r__54m = bx 27 X {3>(r-- Sqm ~ 6X27x /3 Xr—54m " 27KV 3Xr—qm
7 643 6v’3

is = 4 2V3xg

3
”
——-—-J‘-I- = S
Therefore P PR o SV et
_27x«/3xrm+9mm+36g f—3~/3><rm+mm+49 ,

6x27X3r =54V 3 Xm 2 54r—6v'3 xm 2
=3 A/ 3Xrm+ 27rr=44° + 4g 7 =38/ 3krm 2717 54r7-68/ 3Xrm=by/ 3Xrm + g4rr
54r—6 V3 xm T2 s —643%m 108r — 12 43X m

_108rr—12 M 3Xrm _ .
= vior =1 ‘But it has been before thewn that

—-qx is ..—-s +————-—--5-4~J. Therefore x*~ gxis =73 and

27r—

»J o= (”w:— is the true value of x in the cubick
3

o S

I 2

equation x’-—qx:r. Q.E.D.

fnveflipation
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Invefligation of the third exprefion of the value of the
root x.

11. The third expreffion for the value of ¥, or the

laft of the two mentionedin Art. 8.to Wit,\/ 3‘f+ ’—’—-%-ﬁ
2

3 7' rr
—-——- or
27

+s‘ \/ I-—-.r, may be obtained

as fcllows.
Since a@3+83 is = r, it follows that & Wi]l be =r~a’

e

But 4° is fhewn in Art. 5. tobe =Z+,/|”~L. Therefore
reatis=r=|Za —-—=‘--\/(_’-—’§. Confequently &*
is =2 \J[E-L, and 4 is =o' |- \J[Z-Z, and a4, or
%, is —\/ \—- \/[:T; Nk ( \/'— - £, or (putting ss,

as before, ::4———2—7,) \/ {7+s+\j {—;—-L Q.E. L

Synthetick demonfiration of the z‘fm‘b. of the faid third ex-
preffion.

12. Here again we may demonftrate fynthetically,
that this expreflion is equal to the true value of x in the
equation &% — gx =7, by fubflituting it for x in the left-
hand fide of the faid equation. For, if we make that

fubftitution, we fhall find that the value of &*—gx,
5X 2 thence
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thence arifing, will be equal to . This may be done
in the following manner,

If xisz\/ﬂ ~'~+s+\/3P——s, or[Z+ s +P—-q’5, we:
L2 2 2 2

fhallhavex’= 1 +5+3 x‘—:-+.f|§x ;—;Ih 3x1—:-+.rl§x|—:——.r‘*

» > 2 r x r T r z L

- 5= — 3 — — ——SF =" -
+— .r_r+3><(2 +s] x‘z 5 ”’3-"1 . +J’r xJ_:z .r|< 7+
3x Ii+sl?x i+J‘§x!—’i—q§"+3 x "-’—H‘%x l-;:--.r[% x"—::—.-'-.f%:'-
r+3x l—+ J“Tx ‘-—n\w 3.x ]——JJ"I x lﬁ-—sl%=x+3x. Z4s)F
rr f LS
‘ SRAFR I 8 x‘ lf J‘ =% +.|'Tx 34
T 3 3 P
i Y o b —_— - —_ —— =

‘3x|27‘7x 'z Jl r+3% | +J|fx 3v-l-3>a$ xl\z .fl r+qx
Esfirgx '-:—— s~ Andgx will be =g x|+ sBegx
_ vy
——s[ Therefore ¥~ gx will be =7+ qxl-:-+ s!ﬁ +qx
f__’.- sf=-gx Zasff-gx l;’--— sl? =r; and confequently
. l .
E-H S+ ’-:—-JF, or \/3(-:—+;+\/’f-:—— .;), is the true value
of xin the cubick equation &3 —gx=7r:

13. N.B. I do not remember to have feen thefe fub-

ftitutions, or fynthetical demonftrations of the truth of
the expreflions given by CARDAN’s rule, in any book of

algebra,

14. An
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14. An Example of the Refolution of a Cubick Equation
of the afore/aid Form, x*— qx =r, by means of each of
tbe three foregoing Expreffions.

I will here infert a fingle example cf a numeral equa~
tion of the foregoing form, x*-gx=r, refolved by each
of the three expreflions above-mentioned, in order to
fhiew that they will all three bring out the fame number
for its root..

Let it therefore be required to find the value of x in
' the cubick equation x*-3x=18.

15. Inthis equation ¢ is =3, and7is =18, There-

fore v/q is =v/3, and ’371;/:’ is =2 ;‘ f/;/3= 2, which is great-

ly lefs than 18, or 7. ‘Therefore this equation comes
under the above-mentioned rule, and may be refolved
by either of the foregoing expreflions.

Refolution of the equation x*—3x=18 by the firft of the
Jaid expreffions.

16. The firft of thofe expreflions is \/’I-:- +5 4+

;\j’yﬁ’ in which s ftands for\/ E—:—%-

Now
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Now, fince g is =3, -93— will be = =1, and confequent-
ly ‘2’—37, or the cube of g , will alfo be = 1. And, fincer
is =18, we fhall have f—:: 9, and rf'::S 1, and confequent-
ly if - -_/-~81 1=80; thatis, 55 will be =80. There-

fore sis =v/80=v16x v 5=4v'5; and L+sis =9+
ks e 27“7‘/5;45”“/5; and confequently

4V5 =1

_ . X ’

\/ f_.,.“s__?_*:.‘f_f. Therefore 3x\/3‘—:-+513 =1 3:‘“”’
and 7 is = g xm = and\/3l—’-+s+
3 - v ’

3\/ !——~+s X3t ¥s 3TV

i ..3+~/s+ s R R

3\/(: 34+ V5 2x3+¢/s

0+6v/5+5+4 _ 1S+6¢/5 _ 6x3+ V56 Th :
2D T . = >=3. erefore 3 is
2xf3+vs XK3+v/5  2x(34v5 F 3 ore 3

the value of x in the equation ¥*~3x=18. And fo we

fhall find it to be upon trial: for, if «x istaken =3, we
thall have x*=27, and 3x¥=3x3=9, and x¥*-3x=27—
9=18. And thus we fee that the firft of the three fore-

. .‘ . 3 q
going expreflions, 0 wit, \/ !;—+.r + ; \/3 FTJ, has
2

given us the true value of x in this equation.

Refolution
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Refolution of the fame equation by the fecond and third of
the foregoing expreffions.

17. We are now to refolve the fame equation x° - 3x
=18 by means of the two other expreflions, to wit,

\/3g+”\‘[;fgf~——, and \/3 {:_’::J,\/S@:
3\ |7

|2
Now, fince » is =18, and s has been fhewn to be

=v/80, or 4-\/5, weg thall have ———J 9— 4\/5__72—32«/;

7= 275 ; 45 5"/;, and \/ ‘-’- - 3—'—"»‘15 Therefore
3\/35—:——s is :-3-?5-3——--, and {Z___ 3x3 Vs =3x
N
s 2 E
b il Confequently\/ +3 \/ i,:_

3=Vs, 2 554 9T0Vsksha 18-0v5 9345
2 3-—-V5 2X3”1~/§ ' 2X3— 5 2x3-yv'5 3= 5

3_1‘___3/‘f_1— 3. ‘Therefore x is = 3, as it was found to be
3— &

by the firft expreflion.
18. The third expreflion \/3 ‘%+s+\/3 @— §isin the

prefent cafe -—-Zl—J"z—_“/—S + 3—--'7{5::‘;’:3;. Therefore by this

expreflion, as well as by both the former, the value ot
x in the equation x*—3x=18 comes out to be 3.

6 19. Nofz.
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19. Nofe. The foregoing method of refolving the

cubick equation x’—gx=r, when 7 is greater than 2,
1 —q ) v

or ; is greater than ‘;—7, and a like method of refolving

the cubick equation x* + gx =7 (which holds good in all
cafes, whatever be the magnitudes of gandr), areufu=-
ally known by the name of CARDAN’S rwles, becaufe
they were firft publifhed by him in his treatife of alge-
bra, intitled, Ars magna, quam vulgo Coffam vocant, feu
regulas Algebraicas, in the year 1545, although, as he
him{elf informs us, they were firft found out by one
scipio FERREUS of Bononia. See waLLIs’s algebra,
Chap. XIII.

Of the fecond cafe of the cubick equation x—qx=r; in

which r is lefs than ’”} , or = is Igfs than f o and which

-cannot be refolved by CARDAN’s rule.

20. The remaining cafe of the cubick equation x3~
. 3
qx=r, in which 7 is lefs than 7&/9', or %’ is lefs than 2-7,

and which confequently cannot be refolved by the rules
above-mentioned, has, upon that account, obtained a-
mongft algebraifts the name of the irreducible cafe: at
leaft it is often called by the French writers of algebra

le cas irréductible. The obje&t of the remaining pages
of
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of this paper is to fhew how, by the help of Sir1saac
NEWTON’s famous binomial theorem, the foregoing fo--
lution of the other, or firft, cafe of this equation may
be, as it were, extended to this latter cafe, or, rather,
may be made the means of difcovering, by a very pecu-
- liar train of reafoning, another folution, that fhall be
“adapted to it.

21.By the binomial theorem it appears that the cube-
root of the binomial quantity @ + ¢ (in which # is fup~
pofed to be greater than ) is equal to the followmg in-

I p 3 -

5‘ . 521_ 53 54- 55 .

finite feries, to wit, PP A LA LA
3a  ga 8ra z43a‘ 7294

15443 35 261843 2 . . . b
Tt grEa &ec. or to 4% x the infinite feries 1+5;

A A R T 261887 pip

Y + 81a* ~ 2434* | 72088  6561a° + 137,781a7 &c. or (lt We

put the capital letters a, B, C, D, E, F, G, H, &c. for the fe-

veral numeral coefficients, 1,1, £, &y 23y sy aicy 1oy et

&ec. of the terms of the feries, refpeéhvely,) 4% x-the
zBP L 5CH. 8Ds#* 11EF 14FF  13GH

a 64" ' 9a® 12a* ' 154° 184° ' 2147

infinite feries 1 +222 -

-&c. in which feries both the numerators émd the deno-
minators of the generating fractions, 3, 3, o, 5 T Ih
&ec. following the fecond term, increafe continually by
3 fo that it will be eafy for any one to continue the fe-

ries to as many terms as he fhall think proper.
22, In like manner the cube-root of the refiduat

qua_ntxty a-b is found by the fame binomial theorem to
Voi. LXVIIL 5Y be
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b 3 X X
a¥5 a3 338 10430
be equal to the infinite feries a%— PR v

s 316 618 . . . .

;::Zf - ;:2‘;0 - :3; ;‘;fﬂ,— 8&ec. or to 4% x the infinite feries
' 2/

& » 5h% 10b* 2255 1545° 261857
I T o T @ Tt T jad T Gt e &G OF

3@ 9 729 5 3707

g . Ab  2BF*  CH 8Ds* 55
a*x the infinite feries 1—120 - 222 _ 5 3DF% 0B
34 6a 124*% 15a

’:ﬂs - 'Z?i’ &ec. in which feries the numeral coefficients
of the feveral terms are the fame as in the feries that
exprefles the cube-root of ¢+, but the terms which
involve the odd powers of 4 (which in that feries are
marked with the fign +, or all added to the firft term,)
are in this latter feries marked with the fign —, and are
all to be fubtraéted from the firft term, ~as well as the
terms which involve the even powers of 4, which are
to be fubtraéted from the firft term in both feriefes.
PROBLEM.
23. Let it now be required ta refolve the firft cafe of the
cubick equm‘ion X} —qx =17, z';z which r is greater than
”“;", or 7 is greater zban L, by means of an infinite
feries derzved Jrom the exprqﬂ' ons given by CARDAN’S
rule.

SOLUTION.
We have feen in Art. 11. that, if s5 be put :;_’ -

the value of x in this equation will be = \/"?” +5 +

V3

3
L,
27
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.\] : '—:—- 5. For the fake of avoiding fractions, let ¢ be

put =_:-. And we thall have x=v/ 3% +/ 3le—s. But

(by Art. 21.) v/ 3(¢+5 is =¥ x the infinite feries 1 + £
3e

s g5 1084 226° 15455 261857 :

gee o 243¢" | 72965 65616 + 137,781¢ &c; and, by

Art. 22.v/%[e—s is = ¢} x the infinite feries 1~ < — £ _
3¢ Qe

g2 1o 2288 1g4® 261847 5
81e' 243¢* 72988 6561° 137,781 &e. Thereforex/ e+s+

vfe=s is equal to ¢ x the fum of thefe two feriefes,

‘ . X . o s _2ss 205 3085 .
that is, to ¢% x the infinite feries 2 Rt &c;

and confequently the root of the equation %~ gx =7 is

258 205 3088

=¢? x the infinite feries 2 ——— —— 21—
gee  243¢*  6561¢
nitum. Q. E. F.
24. Note. This feries muft always converge, becaufe

- &c. ad infi-

3, .
55, or%'.—- 2 is always lefs than :—’, oree. And, when

5 is confiderably lefs than ee, or E - %is confiderably
- 3 3
lefs than %’ , or:ﬁ is very little greater than %-7, the con-
vergency of the terms of this feries will be fuflicient to
make it ufeful. But in other cafes, when f{- is much
3 - . . .
greater than %, (as when it is triple, quadruple or quin-

tuple of it, or ftill greater,) the terms of this feries will
converge fo flowly as to render it very unfit for practice.
And indeed in the moft favourable cafes it will, as 1 be-

lieve, be lefs convenient in praétice than the expreffion
5Y 2 V't
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V{et+s +v/[e=s, or \/3 @:+\/3 I;—_;,_ from which it
was derived. However, that it may appear that this fe-
ries will exhibit the root of the equation x*-gx=r tru-
ly, if we will take the neceffary pains of computing it,
I will here 'fubjoin one example, and no more, of the
refolution of a cubick equation of that form by means
of it, having taken care to chufe fuch numbers for ¢

and 7 as fhall make " be but little greater than Z -7, and

confequently fhall glve us only a {fmall number for the
fradtion =, by the continual multiplication of which the

terms of the feries are generated.

An example of the refolution of a cubick equation of the
aforefaid form, x3—qx=r, in the firjt cafe of z't, in whick

r is greater than {7‘-:3 > or ~ is greater tban by means
of the expreffion €3 x the z;gﬁmte Series 2 — ; - 2-’5’3’% -
385 _ & c. obtained in Art. 23.

6561¢°
25. Let it be required te refolve the equation x3 -
300x = 2108 by means of the infinite feries ¥ x

255 208 3085° s o1 s
ra:-;;; v inl v &c. obtained in Art. 23. by the

help of Sir 1saAc NEWTON’s binomial theorem,

Here
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Here ¢ is = 300, and 7 is = 2108. Therefore 2;";

: 2X300% /300 _ 2X100X /300 _ 2XI00XI0#3 _
1§ = - A e——— ) =

$ v e : T 2 x 100
x 10=2000, which is lefs than 2108, or r. Therefore
this equation comes under the cafe of €ARDAN’s rule,

and confequently may be refolved by means of the infi-

—
nite feries ¢ £ x [2—2 ;:: :4°3‘4 635?1‘ — &ec. if that feries

has been juftly derived from the third expreffion of the
value of x given by cARDAN’s rule.

26. Now, fince 7 is = 2108, - ,0r ¢, will be=1054,
and 'I', or e, will be = 1,110,916, And, fince ¢ is
= 300, g will be = 100, and %, or the cube of -?3-;, will
be = 1000,000; and confequently s, or % —-1:—7, will

be (= 1,110,916 — 1000,000) = 110,916. Therefore,

_ 10,916 _ o
the fraéhon - is = Tiiogtb = .0998.  Therefore - is

= ‘0998" = .009,950, and % is = 0995} =.000,992;

and’” i =7§‘ x .0998 = 2= '1396 =.022,177; and 90‘«4 is

3084° . 308

- =t199:000 818+ ar
_.;;:—; %.009,950 =22 000,818 and Tt 555

0 - . .
x .000,992 = 36;53 .000,046; and confequently,

28 208 ﬁ-’-m:.ozz,177+ 000,818, +. ooo,o46

Qee - 243¢* 0501 :
. 258 205* 308 ¢ _

=.023,041; and 2 — o= — = — S is=2 .02.3,04.1

———
—
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=1.976,959. Buteis = 1054. Confequently, e, or
Ve, is = v/*1054=10.1768. Therefore e1x the feries

o 2208 3885 ercis= 10.1768 x 1.976,959

= 20.119,116. Therefore the root of the equation
x3— 300x = 2108 1is = 20.119,116. Q.E.I.

27. This value of xis true to five places of figures, the.
more accurate value of it being 20.119,05 3, as willeafily
appear by profecuting it to three or four more places of
figures by Mr. RaAPHSON’s method of approximation.

28. That 20.119 is very nearly equal to, but fome-
what lefs than, the true value of x in the equation
¥% — 300x=2108, will appear by fubftituting it inftead
of x inthe-left-hand fide of that equation. For, if we
take x = 20.119, we fhall have xx = 404.774,161,
and x* = 8143.651,345,159, and 300x = 6035.700;
and confequently, x* — 300x = 8143.651,345,159,
~6035.700 = 2107.951,345,1 59, which is fomewhat
lefs than 2108, or the accurate value of x3— 300 in
the propofed equation x*~300x = 2108. Therefore,
20.119 muft be nearly equal to, but fomewhat lefs
than, the accurate value of x in that equation.

29. It appears therefore from this example, that this

. . . ‘ 6 )
expreffion, e £ x the infinite feries a— 2% _ 205 _ 3985
Qee  243¢* b6501¢

— &c. does truly exhibit the root of the equation
4 X3
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— gx =7 in that cafe of it which falls under CARDAN’S

"‘;", or Z is greater

rule, or in which 7 is greater than
than £,
27

36. I now proceed to confider the problem which is
the principal object of this paper, which is to fhew how

255 20 s* 305 §°
from the feries €5 x r o " rga b7

derive another ferles, differing from it only in the figns
of fome of the terms, by which the equation ¥3—gqx=r
may be refolved in that other cafe of it which does not
come under CARDAN’S mle, and in which 7 is lefs than

— &c, we may

2; :g orZ - ”is lefs than L £+ and this without any mention

of either impoffible or negative quantities.

P R O B L E M.

To refolve, by means of an infinite feries derived from the

_ 28 204 3084 _
infinite feries e x‘z %" 7a3A ~ bgbre &c. the fe

cond cafe of the cubick equation x3—qx=r, in which r is
Jefs than 29"3’ r’-'z'- is lefs than g

SOLVYUTION.
31. We have feen that in the firft cafe of the e-
3
uation ¥3—gx=r, in which 2. is greater than £, the pro-
%=1 yiad-4 27
du&
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duct of ¢ ; into the feries 2- g-:—: - —2-9% - ‘6350—(?1’“:'5 -~ &c. ad
infinitum, is equal to the root x. Now there are two
different ways of computing this feries, which (though
not equally {hort and convenient in practice) are never-
thelefs equally juft and true: and therefore they muft
both produce the fame refult for the value of the feries.
The firft way of computing it is the common one, which
confifts of the following procefles; to wit, firft, to

PR 3 .
compute the quantities %’ and -72-7- » as was done in the
foregoing example, art. 26, where f—‘:— was found to be

3 ’ .
=1,110,916, and 32-; to be 1000,000; 2dly, to fubirat

3 . . . .
%—7 from '-2-, in order to get the quantity s5, which is equal

to their difference, and which in the foregoing example
was 110,916; 3dly, to divide ss by ee, fo as to obtain

the value of the fra&tion ’-i-; as in the foregoing example

110,916

we found the fraction - zto be = .0998; 4thly, to
compute the powers of the value found for the fraction
£4 as in the foregoing example we computed thofe of
0998, and found its fquare to be .009,950, and its

cube to be .000,992; sthly, to multiply =, and its

s 8
powers = » -—7 &ec. int - 2,22, 3%
3 nto the co-efficients 2 5 253" 6561 &ec.

refpectively,
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refpectively, as in the foregoing example we multiplied
0998 into %, and .009,950 into %, and .000,992 into

308
6561°

and .000,046; and Gthly, to {ubtraét all the produdts fo
obtained from 2 the firft term of the feries. ‘This is
the common and the proper way of computing the feries

and found the produéts tobe .022,117, .000,818,

4
0—2= _ B 398 _ 8&c. when we want to make ufe
Qe 243¢ 6561¢°

of it in pra¢tice. But it may alfo be computed in ano-
ther manner, which may be defcribed as as follows.

Inftead of ss infert the compound quantity ':r - ‘Z—%— it-

felf, to which ss is equal, in all the terms of it, And
it will be thereby converted into the following feries, to

-~ . 7] _ 38 g
wity 2~ — 27 243e 27 6561:""’4 ;

&c. or (becaufe eeis = ;, and confequently et=" T&’ and

Y, 8 |r q’ _ 320 {7?"'312 19712 Il— 7°]3
¢ "6_4)2 5;)\ FAFTARPYET bso17° X 1g T2gl
8 rr E 320 | 2rrg’ ¢° ] 19712
&c. or 2 grr X(4 Y YT {16 4xz27 27x270 " b5b1r®
]?6 3% 3r¢° I
Xl6g  1b6x27  gxa7x2]  27X27X2]
the Greek letters a, &, ¢, &c. for the numeral co-efficients

— &c. or (putting

8 320 19712 G 1 _= [VZ___?_"_?__C_
5 30’ bser’ &c. refpectively) 2 X T

X A o 2 O TN -7 Y A

X 16 axay 27%27i 19 xn(ﬂ 10X 27  4X27X27 27X27X27 7
VoL. LXVIIL 57 &ec.
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_a o, sf_E 2% &y, 31
&c. or 2 i T 27rr 16 + 4x27r  27x27X1* 64+ 16 x27rr
6 9 . . ~
-3, Y _____ &c, which confifts of a much
4%X27X277 27 X27 X277 .

. . os¥ "

greater number of terms than the feries 2 — 22 — 222,
. gee  243¢

2 6 . . . . . .
- f% — &c. from which it is derived, and in which
3

many of the terms are much more complicated than in
that former feries. Neverthelefs, fince the compound
quantity '—;-—2—7; is equal to s, the infertion of it inftead
of ss in the terms of that former feries cannot alter its
real value, though it will make it much more difficult to

compute. It muft therefore be true of the new and

. . 3 ¢ es3 64°
complicated feries 2 — 4ol . = 4 21 L. X
4 270 16 4x27rr a7x270 64
3 PO} 9
8y _ _ 379 L4] — &ec. as well as of the:

+l6x27"r 4%X27x27r% T 27 x27 x277°

4 .
former feries 2 2% — 2°¢ _ 398" _ grc. that, if it be
gee | 2438 6561°

multiplied into ¢ 1, or v/ ¢, or \/ F , the feries thereby
produced will be equal to the value of x in the equation.
¥3—qx=r, or that, if the faid feries be cubed, and alfo
multiplied into ¢, and from its cube the product of its
multiplication into ¢ be fubtraéted, the remainder will
be equal to 7, or rather will approximate to the value of
7, becaufe, as the quantity {ubftituted for x in the com~

pound quantity x3~gux is only a part of an infinite feries
T that
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that is equal to x, it is imipoffible that the faid remainder
(which is produced by that fubftitution) fhould be accu~
rately equal to the whole value of 7.,

32. By the help of this obfervation we may from the

: : ¢ 8¢ .
foregoing feries 2— 22 - 222 _ 3220, — &c. which, be-

ing multiplied into ¢ 3, or the cube-root of g, exprefles

the value of x in the equation x*—gx =7, in the firft cafe
. - 3

of that equation, when 5;- is greater thsz;7 ,deduce ano-

ther feries refembling the former in the compofition of
its terms, but differing from it in the figns to be prefixed
to fome of them, that will likewife (if multiplied into

1

e 3, or the cube-root of fg-) exprefs the value of x in the

fecond cafe of the fame equation, in which r—;— is lefs than

3

£, and which cannot be refolved by carpaN’s rules.

27
This may be done as follows.
33. If in this fecond cafe of the equation x’—gx =7

we {ubtract -’41 from ?7 , and call the remainder s5 (as we
3
before put ss for the oppofite difference %— - %;) and then

raile the powers of s, to wit, §% % s% 5, and alfo

- : ¢ :
the correfpondent powers of its value i) to wit,

Pi_i’;} z ‘Z__Z]’, P_’ _ 4 [?.’. - P, &c. the even
g T T T TN T ey Ty Ty T g _
s Z 2 powers
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>owers of the.difference - — 7., to wit, & — 2% &= _ 7|°
B 27 4’ Y27 4 a1 4

&c. will confitt of the very fame terms, or the fame
powers, products, and multiples of the two original

. 3 -
quantines-’-'::- and Z-;, and with the fame figns + and -

A

prefixed to them, as were before contained in the cven

e 3‘
powers of the oppofite difference 55 - 2-7 , When 1 was.

greater than -. T hus, for ~xample,, the {quare. of —-— -2%

. 2rrg? 7" ; "
in the former cafe was = - -~ ---x 5 T ey and in the pre
L e L 2 al
fent cafe the fquare of = — S I8 = Txm ot e which

confifts of the fame terms, and with the fame figns pre-
fixed to themy; as were contained in the {fquare of f‘-:- - %a
and differs from it only in the order in which the ex-
are placed. And the fame ob-

treme terms ’6 and

fervation is true concernmg all the other even powers of
rr

the oppofite differences % - 7—7 and ’7 -

Alfo the odd powers of the difference :—7 - 1;—‘, to wit,
4 . ¢ rrl3 ¢ rr| s .
£ - Zitfelf,and & - .;I » & _:\ » &c. will confift of the
fame terms, or of the fame powers, products, and multiples
of the two original quantities f-;- and %, as were contained

in the fame odd powers of the oppofite difference
rr
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A —-, when - was greater than -, But the figns pre-
FENY 78 27 gns pre

fixed to the faid terms will be contrary to thofe which
were prefixed to them in the former cafe. Thus, the

. 3, . )9 4
cube of 7 — £ in the former cafe was -— 370, 374 _
4 27 64 6x27 4% 27%23

Vid ¢ o )
—~ —~———; and the cube of = —~ - in the prefent cafe
27'x27 X27 27 4
¢ 3 3¢t

. r6 . .

I8 sy~ arearxa T R ie a,Wthh confiftsof the
3

fame terms as are containéd in the cube of - 2—7 but

they are placed in a contrary order to that in Which they
ftood in the former cafe; and the figns that are prefixed
to them are contrary in every term to what they were
before. And the fame is true of all the other odd

powers of thefe oppofite differences of - and’% .

34. It follows, therefore, that if 55 be put for £ 7 - %
in this latter cafe of the equation x*—qgx =7, in which
12 is lefs than & 7, the even powers of ss, to wit, % % 5%,

5*%, &ec. will reprefent, or be equal to, the fame powers,
produ-&s, and multiples of the two original quantitiés

" and 1n the prefent cafe as they reprefented in the

former cafe, when '-;- was greater than %, and 55 was
3 -

made to ftand for 'I' - 9—7 and the feveral terms repre-

fented by the faid even powers of 55 W111 have the fame
figns
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figns + and — prefixed to them refpectively in this fecond
cafe as in the firft cafe. And it likewife follows that the
odd powers of 55, to wit, 5, 55, 5% 5" &ec. will alfo re-
prefent, or be equal to, the fame powers, produéts, and
multiples of the two original quantities ;1 and %, as in
the former cafe; but the figns + and = prefixed to the
feveral terms reprefented by the faid odd powers of ss5
will be contrary to what they were before. _
35 If therefore in this {fecond cafe of the equation

3

—gx=r, in wlnch ” is lefs than Z —7, we put §5= _7 -
4

the feries 2— 5; bver e 5'5-6;% — &c will reprefent, or be
equal to, a {yftem of terms, derived from the two ori-
ginal quantities if and ?7, that will be the very fame in
point of compofition, that is, will be the very fame
powers, produéts, and multiples of -:—" and Z;, as the
terms that were reprefented by it in the former cafe, in
which if was greater than %: but the terms fo reprefent-
ed will not @/have the fame figns + and — prefixed to
them as they had before ; but thofe terms in the faid
{yftem, which are reprefented by the terms of the fe-
2k 205t 3685%

ries 2 — — — — — =— —~ &c. which involve the even
gee  243¢ 6561e

powers of s, to wit, = o ,, &c. will have the fame figns
prefixed
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prefixed to them as they had before when ss ftood for

i—” - % : and thofe terms of the faid {yftem which are re-
prefented by the terms of the faid feries which involve
3OBs
656

contrary figns to thofe they hac. before.  Confequently,

if we change the figns of thofe terms in the feries 2 —

255 zo;‘ 308;

2 — &ec. which involve the odd powers of
9w z43c 6561

the odd powers of sJ, to w1t, —’— and 2=—;, &c. will have

2

8
- and Z—; 3°%_ &c. the new feries

s, to wit, the terms Py

258 205* 308: -
thereby produced, to wit, R e R v &c. will

reprefent, or be equal to, a fyftem of terms which will
not only be the very fame in point of compofition (or
will be the fame poWers, produ&s, and multiples of the

two original quantmes — and -), as thofe which. were re-

25 205t 308"

prefented by the feries 2 — = — —— — 2 — 8. in the

former cafe, but will alfo be connected with each other
in cxadly the fame manner by the figns + and — : that
is, by Art. 31. the faid new feries will reprefent, or be
equal to, the following fyftem of terms, to wit, 7"":"*

L &° v, 37 3v° v’
Sgrr 16 gXz2pr 27X 27t 64 16Xagr 4X 27X 2yt 27X 27 X 27r°

.

But
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But it has been thewn (in Art. 31.) that, if this {v{-
tem of terms be multiplied into ¢, or the cube-root of

Z, and the feries thence produced be cubed, and alfo

multiplied into ¢, and from its cube the product of its
multiplication into ¢ be {ubtracted, the remainder there-
by obtained will be (nearly) equal to . ‘Therefore, if-

. 4 8s® .
the feries 2 + %g - ;%E + (—)35161-’;,; ~ &c. (which reprefents,

or is equal to, the faid fyftem of terms, when ifis lefs
than %, and ss is made =£ - i—’,) be multiplied by &3, or
the cube-root of Lz', and the feries thence produced be
cubed, and alfo multiplied into ¢, and from the cube of
the faid feries the produdt of its multiplication into g be

fubtracted, it will follow that the remainder thereby
obtained will be (nearly) equal to 73 thatis, the produét

of the multiplication of ¢f, or the cube-root of Z, into
2

205t 3085¢

e TR &ec. is equal to

the infinite feries 2 + g-:-: -

the value of x in the equation a#°—gx =7 in the fecond
. . [3

cafe of it, when :1 is lefs than 1—7 Q.E. L

20s* 3085°

preei v i S does not al-

36. This feries z+;—-:2—
ways converge, but only when s is lefs than ee, or £~
27 4

R . 3, - .
is lefs than :i, or "2—7- is lefs than ’—;-r, or';'r is greater than

half
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helf g, or than 95'—:, though lefs than f";; And the nearer

;'~approaches to -Z-;-, the greater will be the fwiftnefs with

which this feries will converge.

37. 1will now add a few examples of the refolution
of cubick equations of the aforefaid form, x*~gx=r, in
‘the fecond cafe of thofe equzxtions, in which # is lefs

than 2 ;7, or " is lefs than Z, by means of the infinite
2

f
feries ¥ x o + 25 - 22 4 390 &c. found in Art. 35.
i c)m 243¢ 63501¢ b

inorder to confirm the truth of the reafonings by which

2054 308:

that {eries was obtained.

EXAMPLE I.

38. Let it be required to refolve the equation ¥°— 50X =120
by means of the faid infinite feries.

o

. . * . ¥
Here q 18 =503 718 =120} -’: ore¢, is =603 o or
s . e . 73.‘_135,932 _
ée, is = 36003 ¢* is = 125,000; and Gis=—— =
4629.629,629,629, &c. which s greater than 3600,
or —: Therefore this equation cannot be refolved by
caRDAN's rule, but may by the expreffion ¥ x the fe-

4 s . .
rics 2 + 22— 220 4 3% _ gec, provided that feries con-
9ee 2430 6561:°

verges. Now, fince ? is =46209. 629, 629, 629, &c.
Vor. LXVIIIL 6 A and
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and :—' is=3600, we fhall have ss= Zi? ~ -33 =4629. 629,
629, 629, &c. — 3600=1029. 629, 629, 629, &c.
which is confiderably lefs than 3600, or ez; and confe-

quently the feries will converge.
s 1029.629,629, 629 &c

39. We fhall therefore have == o
=.286,00; andf;: =.081,796; and :_: ~.023,393; and
confequently %:{: ii‘.;fﬁ‘_’ =.§€j = .063,55; and % _
:ox.::;,796 = 1-‘;345;92 = .,006,73; and 63;8:; - 308 x6.5°62]:3"3—9—3- -
ch%%ﬁ =.,001,098. Therefore 2+ f;-‘; - %;‘ + 83:7,8:'; is

=2+.063,55—.006,73+.001,09=2.064,64—-.006,73
=2.057,01. And &, or V%, is =v*[60=3.914,867.

. 54 855 .
Therefore &5 x the feries 2+2= ~ 25 4+ 22 — &c, is =
gee  243¢ 6561¢

3.914,867x 2.057,01=8.0564; that is, the root of the
prépofed equation x*—gox=120 is 8.0564; which is
true in three places of figures, the error being in the
fourth place of figures, or third place of decimal frac-
tions, where the figure ought to be a 5 inftead of a 6,
the more accurate value of x in that equation being
8.055,810,345,702, as may eafily be found by Mr.
RAPHSON’s method of approximation. But 8.0564,
the value of x found by the foregoing procefs, is fuf-

ficiently near to its more accurate value 8.055,810, &c.
to
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to thew the truth of the foregoing reafonings. Their
difference is only ;-5%5-0 parts of an unit, which is only

the 13426t part of 8.055,810, &c. or the true value
of x.

40. N. B. This equation x*~ gox=120 exprefles the
relation between thediameter of a circleandthree chords
in it that lie contiguous to each other, and together take
up a {emicircle, and form a trapezium of which the dia~
meter of the circle is the fourth fide. Forif the three
chords are called 4, £ and #, and the diameter of the cir-
cle is called x, the relation between them will be ex~

~bb
prefled by the cubick equation &% —££ ¢ x ¥= 244, which,
-1
if the numbers 3, 4 and 5 are fubftituted inftead of the
letters &, %, and 7, will become x*~g5o0ox=120. See Sir
ISAAC NEWTON’s Arithmetica Univerfalis, Edit, 2d.

1722, page 101.

EXAMPLE I
41. Let it be required to find by means of the fame [eries
the root of the equation x3—x=%.

r I

Now in this equation g is= 1, ris =1, —is=1¢, =

2

»

3 . RN .
or ¢, is = 55 and Lis =5, which is greater than g
6 A 2 or
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rr

or —. Therefore this equation cannot be refolv~

ed by carpAN’s rule, but may by the feries eF x

4 6 . . .
24—+ 2 3% &c. in cafe that feries is a con=
gee  243¢€ 6561¢

verging one.

Now, fince & is = X and Tis = =, we fhall have ss
’ 27 Py 367 »

.9 o1 vx__36—~z7__ 9
Ul’z; 42 T 27 367 27x36 7 27x 36
than i, or ee, in the proportion of 1 to 3. Confe-

:3;3 5> Which is lefs

36
- 255, 205t 3085° ; ;
quently the feries 2 to T e T G &c. and the fe
. 4 208s° N
ries e x 2+ — 25 4 3. &, will converge. There=-

Ges 243e* + 65615
fore the equation x*—x=; may be refolved by the means

of it as follows..
42. Since ssis = ;—53, and ;-’, or ee, is =%, we fhall

bave 2 =1=.333,333, and 5 =3 =.111,1171, and 5 =

5§ zx .333333 1666666
9 9

.0375,937, and confequently

20s* 20 X ,II1,I1I 2,222,222

.074,074, and S = T 999144,

308s° _ 308 X.037,037 __11.407,396 _
and 2o = Pl =—rp = 001,738, Therefore

255 s‘+308:
+§c—e 243¢* ° 6561¢°
.001,738=2.075,812-.009,144=12.066,668. And

— &C. 18 =2 +.074,074~.000,I44.+

Vieis == —.=———. ‘'Therefore ¢ x the feries
3 V3% 1.817,121

255 2054 308s° : 1 —
+ 9% Yoy + 561t - &c. le = o X 2.066,668 =

I.137335
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1.13733 ; thatis, the root of the propofed equation
x3—x=1is 1.137,33; which is true to four places of fi-
gures, the error being in the fifth place of figures, or
the fourth place of decimal fractions, where the figure
ought to be an unit inftead of a 3, the more accurate
value of x being 1.137,158,164, which differs from
the value of it here found by lefs than .ocoo017%, or

—L— parts of an unit, which is lefs than the 6689th

100,00

part of 1,137,158,164, or the true value of x.

EXAMPLE IIlL

43. Let it be required to find the root of the equation
X3~ 5x=4.

Here gis =53 r1is :4; = Or e, is =23 :-”, or ee, is

=4; ¢is =125, and L 1s ——4- = 4.629,629,629, &c.

which is greater than 4, or ;. Therefore this eqpation

cannot be refolved by carpaN’s rule, but may by the

. . . -
infinite feries e¥x |2 r 28 208 308

e T G &c, in cafe that

feries is a converging one.
Now, ﬁnce 1s 4.629,629,629, &c. and-ls = 44
we fhall have Z ;7 - ;, or 5, =.,629,629,629, &c. which

is
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is lefs than 4, or e, in the proportion of about 6 to
40, which is a pretty large proportion of minority, and
much larger than the proportion of ss to ez in either
of the former examples. Confequently the feries e¥x

4 85" . .
{; * oo~ iy e — %c. will converge with a greater

degree of {wiftnefs than in either of thofe examples.
Therefore the equation x3~ gx=7 may be refolved by it
as follows.

5 . 629,629, &c. .
44. Here —is = ——— = .157,407; and confe-

quently g is =.024,777, and’f is =.003,900. There~

fore -;-:{ is = ’x";""‘*” = ‘3‘49’8‘4 =.034,979, and == a8 =

20 X 4024,777 __ +495,540 08s° 08 x .003,900
243, - 925:; = 002,039, and 616:" 15= : 65613’9 =
1,201,200 o
—-=.000,182, and confequently 2+2‘: ::;:‘ 6—3596%‘—6
Le

6561
is = 2+.034,979-.002,039+.000,182=2.03 5,161~
.:002,039=2.033,122. And ¢, or v, is = 2=

1.259,921. Therefore ¢} x the feries 2+ 2=
9 3

55 205%

8:°
2;;; ~ &C. 15 = 1.259,921 x 2.033,122=2.561,573 ;

that is, the root of the propofed equation x*~ 5x=4 is
2.561,573; which is true to five places of figures, the
error being in the fixth place of figures, or the fifth

place of decimal fractions, where the figure ought to
6 be
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be a 5  inftead of a 7. For the accurate value of x in

1+ 417 14 4.123,106 ¢.123,106
—, Or = y or\—-—-;’——-,

‘this equation is or

2.561,553; which differs from 2.561,573, or the va-
lue of x found by the foregoing feries, by only ————

1000, oooth
I oomseqy PAtts of an unit, or lefs than the 128,000th-
part of 2.561,553, or the value of x itfelf; which is
a great degree of exactnefs. |
45. Note. That x, or the root.of the equation x*—

sx=r, 18 accurately equalto. ‘+ v XX will appear by fub-

ftituting ~=X7 inftead of x in the compound quantity
—5x, and obferving that it will make that quantity

become equal to 4. For, if xis = -;";‘-/—’—7, we thall

have x3=1 + 3% ~/17+§Xx7+x7x Vx7=gz+z<;x ~/17=:3+5z4/17’ and

L IL4. N T LA B el LA
se=5T5Y", and confequently x3— s¥=—=] ot

3=4. ‘'Therefore ’-l"—-"-/ﬁ is=x. Q.E.D.
46. Thefe examples fufficiently prove that the ex-

255 20¢* 308s%
preflion ¢ x the feries 2 + — o Moo &c. (which

255 208 308

we derived from the other feries &5 x r—_— -= A&,

by the peculiar train of reafoning ufed in Art. 33, 34,

and 335,) gives the true root of the cubick equation ¥~
qx=r
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gx =r in the fecond .cafe of it, in which 7 is lefs than

/, . 3 .
a—--: f/‘ﬁ", or %13 lefs than %’ and which therefare cannot be
3 .

refolved by cAarRDAN’s rule.

I will, however, {fubjoin one mere example to the
fame purpofe ; which fhall be that of the equation x°—
63x=162, which both Dr. waLL1is and Mr. DE MOIVRE
have refolved by extracting what they call the impoffi-
ble cube-roots of the impoffible binomial quantities
81+v/-2700 and 81-v/—2700. Now this equation
may be refolved by the foregoing expreflion ¢i x the

feries o + 25~ 200 308

- —— + 20— — &c, in the manner fol-
ore T 243¢ 6561¢

lowing.
EXAMPLE 4.

47. Let it be requived to find the root of the equation
X3—-63x=162,

rr

Hereqis =63; ris = 162; —:—, ore, is =813 o Oor
ey, is =6561; ,31 is =213 and Z—Z is =9261, which is
greater than 6561, or :-;- Therefore this equation can-

not be refolved by cArDAN’s rule, but may by the infi-

N .. | 4 6
nite feries ¢’ x[2+2_'f — 308+°
gec  243¢* ' 6561°

ies is a converging one.

— &c. in cafe that fe-

Now,
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Now, fince 513— is =9261, and 75 is = 6561, we fhall
have £ -7 - Z’ or §5, = 2700, whxch is lefs than 65671,

or ¢, inthe proportion of 100 to 243. Confequent-

25 208 30858
ly the feries 2 + — rimirer i v

&ec. and the product

of that feries multiplied into ¢!, or the feries % x

255 20s* 208s°

2+ ———— +2— — &c. will converge. Therefore
gee  243¢ 6561¢

the equation x*~ 63x =162 may be refolved by it as
follows.

438. Since s5is = 2700, and '—’, oree, is =6561, we

fhall have 2 = ;22 = 222 = 411,522, and $=.169,350,

2 X.411,522 823,044
9 9 T
=.013,938, and

6
and ’-a=.069,691 and confequently 9—“=
204 _ 20X .169,350_ 3.387,0
2436 243 243

8 .069,6 64,828 ,
'635"6:36:”8"6:2:” = e = 003,271, Therefore 2 +

255 20s5%

+091,449, and —;

308° — -
2 s &c.is =2 +.091,449,—.013,938, +

003, 271 ~ &c. = 2.094, 720, — .013,938 — &c. =
2.080,782, — &c. And ¢, or ~/3ﬁ, is :\/3f§—=

4.326,749. Therefore ¢ x the feries 2+£§ - ;’f;‘% +
63:::: - &c. is = 4.326, 749 x 2.080, 782, — &c. =

.9.003,021 — 8&cj; that is, the root of the propofed e-
quation ¥3— 63x = 162 is =9.003,021, — &c. or fome-
‘what lefs than 9.003,021; which is true to three places

Vor. LXVIIL 6 B of
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of figures, the érror being in the fourth place of fi-
gures, or the third place of decimal fractions, where
there ought to be a cypher inftead of a 3, becaufe the
accurate value of x in this equation is 9, as will appear
“upon trial : for, if x be taken =9, we fhall have x3=
729, and 63x=567, and confequently x3—63x (=729
-567)=162.

SCHOL1IUM.

49. This refclution of the equation x’-63x=162
anfwers to Dr. waLL1ss refolution of it by extracting
the cube-roots of the impofiible binomial quantities
81++/~2700 and 81-+/—2700, inafmuch as both re-
folutions are originally derived from cARDAN’s rule.
But the difference between them is, that the method
here delivered is intelligible in every ftep of it, whereas
Dr. waLLis’s method treats of impoffible quantities, or
quantities of which no clear idea can be formed, in the
whole ccurfe of the procefs, though it concludes with
a refult that is intelligible, by means of the equality of
the impoflible members of the two ultimate quantities
2+2+/—3 and 2—1+/~3 (whofe fum is equal to the
value of x), and the contrariety of the figns + and —,
which are prefixed to them. The dotor’s method of
finding % + 4/~ 3 and 2~ 2+f -3 to be the cube-roots

2 of
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of the impoffible binomial quantities 81++/—2700 and
81—+/—2700 is only tentative. But Mr. DE MOIVRE
has given a cerzain method of finding the cube-roots of
fuch quantities in all cafes ; but not without the trifec-
tion of an angle, or finding (by the help-of a table of
fines, or otherwife) the cofine of the third part of a
circular arc whofe cofine is given ; by means of which
trifetion it is well known (independently of CARDAN'S
rule, or Mr. DE MOIVRE’s procefs) that the fecond cafe

of the cubick equation x%—gx=7 (in which %’ is lefs
3
than"z’—7 , may be refolved. So that Mr. DE MOIVRE’S

method of doing this bufinefs, though more perfe&t
than Dr. waLLIs’s, does not feem to be of much ufe in
the refolution of thefe equations. And both methods
are equally liable to the objeétion above-mentioned, of
exhibiting to our eyes, during the whole courfe of the
procefles, a parcel of algebraick quantities, of which
our underftandings cannot form any idea; though, by
means of the ultimate exclufion of thofe quantities, the
refults become intelligible and true. It is by thein-
troduétion of fuch needlefs difficulties and myfteries in-
to algebra (which, for the moft part, take their rife from
the fuppofition of the exiftence of negative quantities,
6B 2 or
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or quantities lefs than nothing, or of the poffibility of
fubtracting a greater quantity from a leffer), that the o-
therwife clear and elegant {cience of algebra has been
clouded and obfcured, and rendered difgufting to num=-
bers of men of ajuft tafte for reafoning ; who are apt
to complain of it, and defpife it, on that account. And,
doubtlefs, they have too much reafon to do fo, and to
fay, in the words of the famous Monflexr DES CARTES
in his differtation De Methodo, page 11, Algebram verd,
ut folet doceri, animadverti certis vegulis et numerandi
Jormulis ita ¢ffe contentam, ut videatur potins ars quedam
confufa, cujus ufu ingenium quodammodd turbatur et ab-
Jeuratur, quam [cientia, qud excolatur et perfpicacius
reddatur. If this complaint was juft in DES CARTES’S
time, there is certainly much more reafon for it now..
50. The paflage above alluded to in Dr. waLL1s’s
algebra, isinthe 48th chapter, pages 179, 180, of the
folio edition at London in 1685. And Mr. DE moOI~
vrE’s method of extracting the cube-root of an im-
poffible binomial quantity, as 81 ++/— 2700, or @+
v/~&, is publithed in the appendix to the fecond*vo-~
lume of profeflor sAUNDERSON’s algebra, pages 744,
745, 746, 747. It is very ingenious, and fhews that
author’s great fkill in the ufe and management of al-
gebraick
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gebraick quantities. See alfo on this fubject cLaIrRAUT’S
Elémens d’Algébre, Part V. Section 9. pages 286, 287,
288, and a paper of Monfieur NICOLE in the memoirs
of the French Academy of Sciences for the year 1738,
pages 99 and 100. See alfo MACLAURIN’s algebra,
Part I. the fupplement to the 14th Chapter, pages127,
128, 129, 130; and the Philofophical Tranfaétions,
N°. 451.

51. If any gentleman fhould be inclined to compute

the feries 2 + 2% — 290 4 3087
' gee  243¢*  65616°

terms, he will find the firft eight terms of it to be as

. 255 208  308° 1870  111,8265°
follows, to wi, 2 + gre 343 G561 59049 T 4,787,990

— &c. to more than four

2,358,512 120,646,9605™
129,140,163¢* * 8,135,830,269¢'4"




